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Solution to Assignment 5

45. Use cylindrical coordinates. The volume is

0 3cosf —rsin6
/ / / rdzdrd) =---=9/4 .
—r/2 Jo 0

59. The two surfaces meet at the unit circle 22 4+ 42 = 1. Use cylindrical coordinates. The

volume is
2,1l p5—r2
/ / / rdzdrdd = --- =57/2 .
0 0 J4r2

Supplementary Problems

1. Let © be the bullet-shaped solid bounded above by the upper side of 2% +y?+ (2 —2)% = 1,
below by the xy-plane, and the cylinder 22 +y? = 1 on the side. Express the triple integral
of a function f over Q) in two ways: dpdpdf and dzdrdf.

Solution. The upper side of the sphere 2% + y? + (2 — 2)? = 1 is described by p; =
2cos p 4+ /4 cos? p + 3. The side cylinder is described by ps = 1/sin¢. The region  is
decomposed to the union of 2; and Q9 where

M:0<p<p, 0<p<gpy, 0<60<2m
Here ¢ satisfies tan ¢g = 1/2. And
D:0<p<1/singp, po<e<m/2, 0<6<2n.

Hence

2 oo rp1
/// fdv = / / f(psingcos @, psin psin b, pcos @) p* sin o dpdpdd +
Q o Jo Jo

2w pm/2 pl/sing
/ / / f(psincos@, psin psin b, pcos @) p® sin ¢ dpdeds.
0 ©o 0

In cylindrical coordinates,

Q:0<0<2+vV1-72, 0<r<1, 0<6<2m

20 1 2412
/// fdav :/ / / f(rcos@,rsind, z)r dzdrdf.
Q o Jo Jo

2. Let D be a region in the plane which is symmetric with respect to the origin, that is,
(z,y) € D if and only if (—z, —y) € D. Show that

//Df(fv,y)dA(ﬂf,y)ZO,

when f is odd, that is, f(—z, —y) = —f(z,y) in D. Suggestion: Convert to polar coordi-
nates.

Hence
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Solution. Let f be the universal extension of f. It is readily checked that f is an odd
function in the entire plane. Let D; be a large disk of radius R centered at the origin
containing D. By converting to polar coordinates,

It = Il o

2r rR
= / / f(rcosf,rsinf)rdrdd
o Jo

™ R 27 R
= / / f(rcosf,rsinf)r drd9+/ / f(rcos@,rsinf)rdrdf .
o Jo ~ Jo

Further, using the change of variables a = 8 — 7, the second integral becomes

2 prR
/ / f(rcos@,rsin@)rdrdd
T 0

T rR
/ / f(rcos(a+ m),rsin(a + 7))r drda
o Jo
T rR
= / / f(=rcosa, —rsina)rdrda
o Jo

T rR
= _/ / f(rcosa,rsina)rdrdo.
0o Jo

It follows that

s - o

R~
= //f(rcos&r81n0rdrd9+/ / (rcos@,rsinf)rdrdd
0o Jo

= //f(rcost?rsm&rdrd@ // (rcosa,rsina)rdrda =0 .
0o Jo



